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Abstract
The color-flavor locking phenomenon in the magnetic picture can be the mi-
croscopic description of the quark confinement in QCD. We demonstrate it in an
N = 2 supersymmetric SU(Nc)1 × SU(Nc)2 quiver gauge theory coupled to Nf
flavors of quarks (Nf < Nc). This model reduces to SU(Nc)1+2 gauge theory with
Nf flavors when the vacuum expectations value of the link field is much larger
than the dynamical scales, and thus provides a continuous deformation of the
N = 2 supersymmetric QCD. We study a vacuum which survives upon adding a
superpotential term to reduce to N = 1 while preserving the vectorial SU(Nf )
flavor symmetry. We find a region of the parameter space where the confinement
is described by the Higgsing of a weakly coupled magnetic SU(Nf )×U(1) gauge
theory. The Higgsing locks the quantum numbers of SU(Nf ) magnetic color to
those of SU(Nf ) flavor symmetry, and thus the massive magnetic gauge bosons
become the singlet and adjoint representations of the flavor group, i.e, the vector
mesons. If the qualitative picture remains valid in non-supersymmetric QCD, one
can understand the Hidden Local Symmetry as the magnetic dual description of
QCD, and the confining string is identified as the vortex of vector meson fields.
1 Introduction
A non-perturbative definition of asymptotically free gauge theories can, in principle, provide
us with a microscopic mechanism for the quark confinement. The lattice QCD indeed exhibits
a linear potential between static quarks by computer simulations. The linear potential can
be interpreted as the existence of the squeezed color flux, i.e., the confining string.
The electric-magnetic duality in non-abelian gauge theories is another approach to the
quark confinement. In the abelian Higgs model, a string appears as a topologically stable
configuration [1, 2], which is a magnetic flux tube. If, on the other hand, one finds the Higgs
mechanism in the magnetic picture, by duality, the string configuration can be identified as
the confining string which is a tube of a color-electric flux [3, 4, 5]. The electric-magnetic
dualities in non-abelian gauge theories [6, 7] are found to exist in various supersymmetric
gauge theories [8, 9, 10, 11, 12, 13, 14] which can be obtained as the low energy effective
theories of the branes in string/M theory [15, 16] (for a review, see [17]). Therefore, there
is a hope that the string/M theory provides a non-perturbative definition of QCD, and the
dualities equipped in the theory can explain the quark confinement. Indeed, it has been
observed that equations to describe five-brane configurations in M theory can be identified as
the Seiberg-Witten curves of corresponding gauge theories on the world volume, providing us
with quantum-level solutions of the gauge theories out of the classical theories of branes [16].
The Seiberg-Witten curves know exactly where in the moduli space massless magnetic degrees
of freedom appear. The condensation of such magnetic degrees of freedom is interpreted as
the confinement.
In the real QCD, however, it seems that there is no truly weakly coupled description of the
confinement-scale physics. In order to understand the confinement as the Higgs mechanism
in the magnetic picture, we need a deformation of the theory so that the magnetic gauge
theory gets weakly coupled and decoupled from the rest of the massive modes. Once the
deformation is done smoothly one can study physics there and then go back to the strongly
coupled regime without changing the overall picture∗.
Along this line, N = 1 supersymmetric QCD with soft supersymmetry breaking terms
has been studied [19]. The electric-magnetic dualities in N = 1 theories known as the Seiberg
duality exist for theories with Nc+1 < Nf < 3Nc, although that is out of the region of the real
QCD. It has been observed, in the region where the Seiberg duality exists, the addition of the
soft terms triggers the spontaneous breaking of the vectorial symmetry such as the baryon
∗See Ref. [18] for a related approach.
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number symmetry [20]. Since the general theorem of Ref. [21] states that such symmetry
breaking cannot occur in non-supersymmetric QCD, it has been concluded that there is a
phase transition as the soft breaking terms get larger, and thus a simple supersymmetric
deformation of QCD did not provide a qualitative understanding of confinement.
In another approach, Shifman and Yung have studied N = 2 supersymmetric SU(Nc)×
U(1) QCD with Nf flavors (Nf > Nc), by using the exact results from the Seiberg-Witten
curve [22, 23, 24]. Upon turning on the FI-term for the U(1) factor, they discussed the
crossover transition from the microscopic picture to a dual magnetic picture along the change
of the FI parameter µ. In a strong coupling vacuum for µ ≪ ΛQCD, a weakly-coupled dual
theory emerges as SU(Nf−Nc)×U(1)Nf−Nc gauge theory with Nf flavors. The condensation
of massless non-abelian monopoles (or dyons) due to the FI-term causes the color-flavor
locking and produces the non-abelian vortex [25, 26] in the dual magnetic theory, which is
identified to be the confining string in the microscopic theory [27, 28, 29, 30]. The approach
looks promising for understanding the nature of the Seiberg duality.
Recently, a new supersymmetric deformation is proposed to possibly connect the su-
persymmetric QCD and the non-supersymmetric one for Nf < Nc which is more relevant
to the real world QCD [31]. The deformation is to add Nc numbers of massive flavors
to the theory so that the dual magnetic gauge group is SU(Nf ). The flavor symmetry
associated with the massive extra flavors, U(Nc), are gauged in order not to enhance the global
symmetry of the theory. The supersymmetry breaking terms trigger the chiral symmetry
breaking SU(Nf )L × SU(Nf )R → SU(Nf )V by the condensation of the dual squarks while
preserving the baryon number symmetry. The same condensation breaks the dual gauge group
SU(Nf ) completely, and the locks the magnetic color quantum numbers to the unbroken
SU(Nf )V ones, so that the magnetic gauge boson can be identified as the vector mesons.
The structure of the model is the same as the Hidden Local Symmetry [32] which is known
to be a phenomenologically successful model to describe the ρ meson as a gauge boson of a
spontaneously broken gauge symmetry. The similarity to the real QCD can be the sign of the
smooth connection. See also [33, 34] for recent works on the interpretation of the ρ meson as
the gauge boson in the Seiberg dual theory.
In the model with the extra Nc flavors with the gauged U(Nc) symmetry, one can observe
the formation of the string associated with the Higgsing of the dual squarks as it breaks the
U(1) part of the gauged U(Nc) symmetry. However, it is not clear if this string is something
to do with the confining string as it originates from the artificially added U(1) symmetry. It
is also not clear what happens to the unbroken SU(Nc) subgroup which is again artificially
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added.
In this paper, in order to clarify these issues, we study an N = 2 supersymmetric
extension of the model, i.e., SU(Nc)1 × U(Nc)2 gauge theory where Nf flavors of quarks
are charged under the SU(Nc)1 gauge group. There is a link field Q which transforms as the
bi-fundamental representation under SU(Nc)1 × U(Nc)2. Instead of adding a mass term to
Q as it was done in the previous study, we consider a Higgs phase 〈Q〉 6= 0 where the theory
classically reduces to SU(Nc)1+2 Nf flavor theory. The corresponding brane configuration
can be constructed in type IIA superstring theory, from which one can obtain the Seiberg-
Witten curve by lifting it to M theory. One can identify the root of the Higgs branch of Q in
the Coulomb branch of the moduli space, from which the theory is continuously connected
to the large 〈Q〉 region. In the space of the root, there are points where massless monopoles
appear. Such points survive as the vacuum after a perturbation to N = 1 theory, and the
condensation of the monopoles by the perturbation describes the quark confinement. In order
to further connect to non-supersymmetric QCD, one should study points where the massless
monopoles are flavor singlets since the vector-like flavor symmetry cannot be broken in the
non-supersymmetric QCD. We identify these points by using the curve, and study the low
energy effective theory at the points.
In a parameter region where one of the two dynamical scales is much larger than the other,
one can observe the color-flavor locking in the magnetic picture. A non-abelian magnetic
gauge group, U(Nf ), remains at low energy and Higgses later by the condensation of the
dual squarks. Since the U(1) factor appears as the magnetic gauge group, we see that the
color-flavor locking simultaneously describes the quark confinement. By the magnetic color-
flavor locking, the massive magnetic gauge bosons of U(Nf ) become vector mesons with
flavor quantum numbers. These are naturally identified as the ρ and ω mesons in QCD.
It is interesting that in this picture a string configuration made of ρ and ω mesons can be
interpreted as the confining string [35].
In string theory, the introduction of the extra U(Nc) factor and the link field Q is
somewhat a natural deformation. In the type IIA construction, the deformation corresponds
to introducing an NS5 brane which is detached from other branes where gluons and quarks
live in. As the NS5 brane moves around, its location sets different values of Q as well as
the relative size of two gauge couplings (and thus the dynamical scales), providing us with a
smooth deformation of QCD.
The extra U(Nc) can also be considered as the first Kaluza-Klein mode in the sense
4
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Figure 1: Brane configuration in IIA superstring for Nc = 3 and Nf = 2 .
SU(Nc)1 SU(Nc)2 SU(Nf ) U(1)B U(1)B′
Q Nc N¯c 1 0 1
F Nc 1 Nf 1 0
Table 1: Quantum numbers.
of the dimensional deconstruction [36, 37, 38]. Since the type IIA construction by D4
branes corresponds to a five dimensional gauge theory in an interval, there are such fields by
construction. In this sense, the extra gauge factor may be a part of the definition of QCD.
2 A quiver model and its connection to supersymmetric QCD
We consider anN = 2 supersymmetric SU(Nc)1×SU(Nc)2 gauge theory with a bi-fundamental
and Nf fundamental hypermultiplets, whose quantum numbers are listed in Table 1. In this
paper, we assume that all the matter fields are massless and Nf < Nc for the asymptotic free-
dom. The model can be realized as a brane configuration in type IIA superstring theory [16]
(see Fig. 1). In the world-volume theory of the D-brane configuration, the U(1)B′ factor in
Table 1 is gauged but frozen, i.e., it is a background field. We interpret this as taking the
gauge coupling constant of U(1)B′ to infinity, so that the gauge multiplet is not dynamical.
There are two limits which reduce this model to supersymmetric QCD. One is to give
a large VEV to Q, that corresponds to taking away the NS5-brane in the middle of the
configuration to the x7, x8, x9 direction while connecting D4 and D4’ branes. In the world-
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volume theory, it corresponds to a superpotential term:
W ∋ µ2ΦB′ , (1)
where ΦB′ is the chiral superfield in the (non-dynamical) gauge multiplet of U(1)B′ . This term
corresponds to the generalized FI-term and does not break N = 2 supersymmetry [39, 40].
The F and D-term conditions ensure the bi-fundamental Q field to obtain a VEV, and
break SU(Nc)1 × SU(Nc)2 × U(1)B′ down to the diagonal subgroup SU(Nc)1+2. All of the
components in Q are eaten by the gauge fields, and thus the remaining part is supersymmetric
QCD with (massless) Nf flavors.
The other limit is to give a large VEV to ΦB′ . This gives a mass to Q and, at low energy,
the SU(Nc)2 sector becomes pure SYM and decouples from the SU(Nc)1 sector. This model
has been studied in Ref. [31].
2.1 Seiberg-Witten curve for the quiver model
We first obtain the solution of the quiver theory from the D-brane configurations in string
theory. By studying the Seiberg-Witten curve of the theory, one can identify the points in the
Coulomb branch of the moduli space which are not lifted after a perturbation to an N = 1
supersymmetric theory. We are particularly interested in the vacuum where SU(Nf )×U(1)B
global symmetry is left unbroken, since that is the case in the real world QCD.
The brane configuration in Fig. 1 can be lifted to an M5-brane configuration in M-theory,
and the M5-brane configuration gives the Seiberg-Witten (SW) curve [16].
For the case of Nf < Nc − 1, the SW-curve is given by
ΛNc2 t
3 − (v − φ′1) · · · (v − φ′Nc)t2 + (v − φ1) · · · (v − φNc)t− Λ
Nc−Nf
1 v
Nf = 0. (2)
The parameters Λ1 and Λ2 are the dynamical scales of SU(Nc)1 and SU(Nc)2 theories,
respectively, and φi and φ
′
i parameterize the VEVs of the adjoint scalars Φ and Φ
′ in the
vector multiplets of SU(Nc)1 and SU(Nc)2. They are subject to the traceless conditions:
Nc∑
a=1
φ′a =
Nc∑
a=1
φa = 0. (3)
For later convenience, one can represent the SW-curve in terms of gauge invariant Coulomb
moduli ui and u
′
i :
ΛNc2 t
3 − (vNc + u′2vNc−2 + · · ·+ u′Ncv0)t2
+ (vNc + u2v
Nc−2 + · · ·+ uNcv0)t− ΛNc−Nf1 vNf = 0, (4)
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where ui (u
′
i) is a symmetric polynomial of φa (φ
′
a) with i-th order, which is defined by
Nc∏
a=1
(
v − φ(′)a
)
=
Nc∑
i=0
u
(′)
i v
Nc−i (u0 = 1), (5)
where u1 = u
′
1 = 0 by the traceless condition (3).
For the special case of Nf = Nc − 1, the SW-curve is given by
ΛNc2 t
3 − (v − φ′1) · · · (v − φ′Nc)t2 + (v − φˆ1) · · · (v − φˆNc)t− Λ1vNc−1 = 0, (6)
where φˆa = φa − Λ1/Nc. In terms of φˆa, the trace condition is modified to†∑
a
φ′a = 0,
∑
a
φˆa = −Λ1. (7)
In terms of gauge invariant moduli, the curve becomes
ΛNc2 t
3 − (vNc + u′2vNc−2 + · · ·+ u′Ncv0)t2
+ (vNc + Λ1v
Nc−1 + uˆ2v
Nc−2 + · · ·+ uˆNcv0)t− Λ1vNc−1 = 0. (8)
Note that uˆ1 is replaced by the dynamical scale Λ1 due to the condition (7).
The SW-curve (4) and (8) represent the positions of M5 branes in the (x4, x5, x6, x10)
space, where v = x4 + ix5 and t = e
−(x6+ix10), which are the M-theory lifted picture of the
brane configurations in Fig. 1. The three roots of t represent the positions of NS5 branes, and
the roots of v represent the positions of D4 and D4’-branes. The SW-curve encodes the low
energy dynamics of our quiver gauge theory including the full quantum mechanical effects.
2.2 An Example: SU(3)1 × SU(3)2 gauge theory with 2 flavors
We begin with a simple and illustrative example with Nc = 3 and Nf = 2, which is smoothly
connected to a supersymmetric extension of real world QCD with 2 light flavors.
The SW-curve is simply given by
Λ32t
3 − (v − φ′1) (v − φ′2) (v − φ′3) t2 + (v − φˆ1)(v − φˆ2)(v − φˆ3) t+ Λ1v2 = 0, (9)
where the trace condition (7) applies;
φˆ1 + φˆ2 + φˆ3 = −Λ1, φ′1 + φ′2 + φ′3 = 0. (10)
†Focusing on the SU(Nc)1 factor, the model corresponds to SU(Nc) QCD with Nf = 2Nc − 1 flavors,
where the quantum shift of the trace condition is known to be required [41, 42].
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Using this simple example, we consider the several limits in the SW-curve, and check that
this curve completely reproduce the expected field theory dynamics.
In the limit of Λ1 → 0 and φˆ → 0, since SU(3)1 factor and the matter field F decouple,
this model should go to SU(3)2 gauge theory with 3 flavors, Q. In this limit, the curve
becomes
t
[
Λ32t
2 − (v − φ′1) (v − φ′2) (v − φ′3) t+ v3] = 0. (11)
Removing t factor, this curve reproduces a well-known result of the SW-curve for SU(3)
theory with 3 flavors [41]. Note that the root t = 0 means that one of the NS5-branes goes
infinitely far away.
Next, we consider another limit: Λ2 → 0 and φ′ → 0. In this limit, SU(3)2 factor
decouples and our model should go to SU(3)1 gauge theory with 5 flavors, Q and F . The
SW-curve is reduced to
v3t2 −
(
v − φˆ1
)(
v − φˆ2
)(
v − φˆ3
)
t+ Λ1v
2 = 0. (12)
Simple rescaling of t to t′ = (v/Λ1)
3 t leads to the following factorized form,
1
v3

t′2 −
(
v − φˆ1
)(
v − φˆ2
)(
v − φˆ3
)
Λ31
t′ +
v5
Λ51

 = 0. (13)
Removing 1/v3 factor, this curve reproduces the SW-curve for SU(3) QCD with 5 flavors [41].
2.2.1 Root of the Higgs branch
Here we consider the Higgs branch due to the VEV of the bi-fundamental Q. The conden-
sation of Q leads to the diagonal breaking of quiver gauge symmetry, SU(3)1 × SU(3)2 →
SU(3)1+2. This symmetry breaking smoothly connects our quiver model to the supersym-
metric SU(3) QCD with 2 flavors.
Actually, we can see this diagonal symmetry breaking in the SW-curve. In order to handle
the SW-curve, we introduce gauge invariant Coulomb moduli uˆi and u
′
i:
uˆ2 =
Λ21
2
− 1
2
(φˆ21 + φˆ
2
2 + φˆ
2
3), u
′
2 = −
1
2
(φ′21 + φ
′2
2 + φ
′2
3 ), (14)
uˆ3 = −φˆ1φˆ2φˆ3, u′3 = −φ′1φ′2φ′3. (15)
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In terms of the above variables, the curve is
Λ32t
3 − (v3 + u′2v + u′3) t2 + [v3 + Λ1v2 + uˆ2v + uˆ3] t− Λ1v2 = 0. (16)
When the moduli parameters satisfy the following relations,
u′2 = uˆ2, u
′
3 − Λ32 = uˆ3, (17)
the curve factorizes as
(t− 1) [Λ32t2 − (v3 + uˆ2v + uˆ3) t+ Λ1v2] = 0. (18)
The singularity at t = 1 corresponds to a flat NS5-brane at the origin (x6 = 0) in the IIA-
theory language. When it is flat, taking away the NS5-brane does not change the shape of the
rest of the branes. The D4 branes in both sides of the NS5 branes are smoothly connected,
describing the Higgsing of SU(3)1 × SU(3)2 → SU(3)1+2 [43, 44].
Removing (t− 1) factor gives
t′2 −
(
v3 + uˆ2v + uˆ3
)
Λ′3
t′ +
v2
Λ′2
= 0, t′ = (Λ2/Λ1)
3/4t, Λ′4 = Λ1Λ
3
2. (19)
This is the SW-curve of the SU(3) theory with 2 flavors and the dynamical scale Λ′. This
curve gets singular when
uˆ23
(
27uˆ23 + 4uˆ
3
2 − 24uˆ22 + 48uˆ2 − 32
) (
27uˆ23 + 4uˆ
3
2 + 24uˆ
2
2 + 48uˆ2 + 32
)
= 0, (20)
in the unit of Λ′ = 1. The curve gets maximally singular when
(uˆ2, uˆ3) = (±2, 0),
(
− 2i√
3
,± 8
√
2
9 · 31/4 (1 + i)
)
,
(
2i√
3
,± 8
√
2
9 · 31/4 (1− i)
)
. (21)
These are the points which survive after the mass perturbation to N = 1 [45, 46, 47]. The
one with uˆ3 6= 0 provides two massless magnetic monopoles which are singlets under flavor
symmetry. See Table 2. Here U(1)B′ factor is not listed since it is broken by taking away
the NS5 brane. The baryon number U(1)B can always be taken to be zero by mixing with
U(1) gauge charges. The point is that the condensations of the massless monopoles do not
provide a massless Nambu-Goldstone mode.
2.2.2 A singular point
We consider a special point:
uˆ2 = c2Λ
′2, uˆ3 = c3Λ
′3, u′2 = c2Λ
′2 u′3 = Λ
3
2 + c3Λ
′3, (22)
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U(1) U(1) SU(2)f U(1)B
e1 1 0 1 0
e2 0 1 1 0
Table 2: Massless degrees of freedom.
where dimensionless coefficients, (c2, c3), are one of the combinations (uˆ2, uˆ3) in Eq. (21)
except for (±2, 0). This point satisfies both Eq. (17) and Eq. (21). The low energy theory
has (dual) U(1)2 gauge group and there are massless monopoles for each U(1) factors as in
Table 2.
Upon adding masses to the adjoint chiral superfields Φ1 to reduce the theory to N = 1
supersymmetry,
W ∋m
2
TrΦ21, (23)
the point in Eq. (22) will survive as one of the vacua while most of the point in the Coulomb
branch will be lifted. The low energy effective theory has a superpotential term:
W = −e1ΦDe¯1 − e2Φ′De¯2 +mΛ′xΦD +mΛ′x′Φ′D. (24)
where ΦD and Φ
′
D are the singlet chiral superfields in the gauge multiplet of U(1) × U(1).
The linear terms are originated from the perturbation to N = 1 where x and x′ are some
non-zero constants. The monopoles condense through this superpotential without breaking
flavor symmetry on this vacuum, which corresponds to one of the vacua with r = 0, discussed
in Refs. [45, 46, 47]. Therefore, the theory exhibits confinement leaving unbroken vectorial
SU(Nf ) and U(1)B symmetry just as in the real world QCD.
2.3 General SU(Nc)1 × SU(Nc)2 theory
In the general Nc and Nf case, almost the same analysis can be carried out. We can easily
check that the curve for SU(Nc) theory with Nc flavors is reproduced in the limit Λ1 → 0,
and the curve for SU(Nc) gauge theory with (Nf + Nc) flavors is reproduced in the limit
Λ2 → 0.
The diagonal symmetry breaking SU(Nc)1 × SU(Nc)2 → SU(Nc)1+2 is realized on the
following submanifold in the moduli space. For the case of Nf < Nc − 1, the SW-curve (4)
becomes
(t− 1)
[
ΛNc2 t
2 − (vNc + u2vNc−2 + · · · + u′Nc−NfvNf + · · ·+ uNcv0)t+ Λ
Nc−Nf
1 v
Nf
]
= 0, (25)
when the following relations are satisfied:
u′i = ui, (i 6= Nc −Nf , Nc), (26)
and
u′Nc−Nf = uNc−Nf − Λ
Nc−Nf
1 , u
′
Nc − ΛNc2 = uNc . (27)
Removing (t− 1) factor, the above curve is reduced to
t2 −
vNc + u2v
Nc−2 + · · ·+ u′Nc−Nf vNf + · · ·+ uNcv0
Λ′Nc
t+
vNf
Λ′Nf
= 0, (28)
where
Λ′2Nc−Nf = Λ
Nc−Nf
1 Λ
Nc
2 . (29)
This is indeed the SW-curve for SU(Nc) gauge theory with Nf flavors and the dynamical
scale Λ′ [41, 42]. Similarly, for Nf = Nc − 1, the SW-curve (8) factorizes as
(t− 1)
[
ΛNc2 t
2 − (vNc + uˆ2vNc−2 + · · ·+ uˆNcv0)t+Λ1vNc−1
]
= 0, (30)
for
u′i = uˆi, (i 6= Nc), u′Nc − ΛNc2 = uˆNc . (31)
Removing (t − 1) factor leads to the SW-curve for SU(Nc) gauge theory with (Nc − 1)
flavors [41, 42] and the dynamical scale
Λ′2Nc−Nf = Λ
Nc−Nf
1 Λ
Nc
2 . (32)
The singular point which is a persistent vacuum against the perturbation to N = 1 also
exists. For the case of Nf < Nc − 1,
u′i = ui = ciΛ
′i (i 6= Nc −Nf , Nc), u′Nc = ΛNc2 + uNc = ΛNc2 + cNcΛ′Nc ,
uNc−Nf = Λ
Nc−Nf
1 + u
′
Nc−Nf
= Λ
Nc−Nf
1 + cNc−NfΛ
′Nc−Nf , (33)
and for the case of Nf = Nc − 1,
u′i = uˆi = ciΛ
′i (i 6= Nc), u′Nc = ΛNc2 + uˆNc = ΛNc2 + cNcΛ′Nc , (34)
where ci’s are numerical constants determined from the maximal singularity condition.
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U(1)1 U(1)2 · · · U(1)Nc−1 SU(Nf ) U(1)B
e1 1 0 · · · 0 1 0
e2 0 1 · · · 0 1 0
...
...
...
. . .
...
...
...
eNc−1 0 0 · · · 1 1 0
Table 3: Massless degrees of freedom in general case.
On this special point, the low energy effective theory of the general quiver model is a
U(1)Nc−1 gauge theory with the massless monopoles charged under each U(1) factor [45, 46,
47]. Quantum number of the monopoles are listed in Table 3.
The condensations of massless monopoles lead to complete higgsing of the dual U(1)Nc−1
gauge theory and the original theory is in the confining phase. Similarly to the SU(3)
example, all the massless monopoles are singlet under vectorial flavor symmetry SU(Nf ) ×
U(1)B , which is unbroken on this special point
‡.
3 Duality among various limits
By using the exact results obtained from the Seiberg-Witten curve, we now study what is
happening at the points. In this section, we study the point in Eq. (33) (or Eq. (34)) in
the quantum moduli space in a field theoretic way. The Seiberg-Witten curve told us that
the low energy theory is U(1)Nc−1 gauge theory with (Nc − 1) magnetic monopoles listed
in Table 3 everywhere in the parameter space of Λ1, Λ2 and µ. Although the low energy
theory is the same everywhere, there can be variations of the massive spectrum. We discuss
below various extreme cases which allow us to follow weakly coupled descriptions. The field
theoretic analysis makes us possible to observe the appearance and breaking of U(1) gauge
factors which are important for discussion of confinement.
3.1 Higgs picture: µ≫ Λ1, µ≫ Λ2
For µ ≫ Λ1 and µ ≫ Λ2, the classical analysis is valid for the Higgsing of the gauge group,
SU(Nc)1 × SU(Nc)2 → SU(Nc)1+2 via the VEVs of Q’s:
Q = Q¯ =
iµ√
N c
· 1Nc . (35)
‡This point corresponds to one of the vacua with r = 0 in Refs. [45, 46, 47]
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All the 2N2c components (counting the chiral superfields) of Q and Q¯ are eaten by the gauge
fields of (SU(Nc)1×SU(Nc)2)/SU(Nc)1+2 and U(1)B′ . The low energy theory is SU(Nc)1+2
theory with Nf flavors, F . The dynamical scale for the SU(Nc)1+2 gauge group, Λ1+2, can
be estimated by
0 =
1
g21(µ)
+
1
g22(µ)
+
b1+2
8pi2
log
Λ1+2
µ
, (36)
where µ is the scale of the Higgsing. The beta function coefficient b1+2 is
b1+2 = 2Nc −Nf . (37)
By using the definitions of Λ1 and Λ2:
0 =
1
g21(µ)
+
b1
8pi2
log
Λ1
µ
, (38)
0 =
1
g22(µ)
+
b2
8pi2
log
Λ2
µ
, (39)
with b1 = 2Nc − (Nf +Nc) = Nc −Nf and b2 = 2Nc −Nc = Nc, we obtain
Λ1+2 = (Λ
Nc−Nf
1 Λ
Nc
2 )
1/(2Nc−Nf ) = Λ′, (40)
as suggested by the Seiberg-Witten curve. At the point in Eq. (33) or (34), low energy theory
becomes a U(1)Nc−1 gauge theory with massless monopoles which are all flavor singlets.
3.2 Confining picture: Λ2 ≫ Λ1, Λ2 ≫ µ
For Λ2 ≫ Λ1 and Λ2 ≫ µ, the SU(Nc)2 factor gets strongly coupled before the Higgsing.
The dynamics at the scale Λ2 is effectively described by SU(Nc)2 theory with Nc flavors, Q.
Since Λ2 ≫ Λ′, the point in Eq. (33) or (34) is approximately given by
u′i ≃ 0 (i 6= Nc), u′Nc ≃ ΛNc2 , (41)
i.e.,
(φ′1, φ
′
2, φ
′
3, · · · , φ′Nc) ≃ (Λ2 ω,Λ2 ω2,Λ2 ω3, · · · ,Λ2 ωNc)× eipi/Nc , (42)
where ω = exp (2pii/Nc). This point is the baryonic root of SU(Nc) theory with Nc flavors [45,
46, 47]. The low energy theory is a U(1)Nc−12 gauge theory with flavor-singlet massless
monopoles.§ See Table 4. Below the scale Λ2, we have two decoupled sectors: one with
§The U(1) charges have some redundancies, as one can take different basis of U(1)’s. The physics will
remain unchanged in any basis.
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monopoles, e0, e1, · · · , eNc−1, and the other with SU(Nc)1 gauge group with Nf flavors of
massless quarks, F .
Turning on the linear term (1) makes all the monopoles e0, e1, · · · , eNc−1 condense through
the F - and D-term conditions:
e0 = e¯0 = e1 = e¯1 = · · · = e¯Nc−1 = eNc−1 =
µ√
N c
, (43)
The U(1) gauge groups, U(1)Nc−12 ×U(1)B′ , are all broken by the VEVs. All the monopoles
are eaten by the gauge fields.
The effective dynamical scale of the SU(Nc)1 factor, Λ
′
1 can be estimated as
0 =
1
g21(Λ0)
+
b1
8pi2
log
Λ2
Λ0
+
b′1
8pi2
log
Λ′1
Λ2
=
b1
8pi2
log
Λ2
Λ1
+
b′1
8pi2
log
Λ′1
Λ2
, (44)
where b1 = Nc − Nf and b′1 = 2Nc − Nf . The arbitrary scale Λ0 is chosen to be Λ1 in the
second line. From this one obtains:
Λ′1 = (Λ
Nc−Nf
1 Λ
Nc
2 )
1/(2Nc−Nf ) = Λ′, (45)
as suggested by the curve. Since Λ′ ≫ Λ1, the point in Eq. (33) or (34) is approximately
given by
ui ≃ ciΛ′i or uˆi ≃ ciΛ′i. (46)
This is where (Nc− 1) massless monopoles appear. The low energy theory is again U(1)Nc−1
theory with (Nc − 1) monopoles listed in Table 3.
3.3 Non-abelian magnetic picture: Λ1 ≫ Λ2, Λ1 ≫ µ
For Λ1 ≫ Λ2 and Λ1 ≫ µ, the story is more interesting. At the scale Λ1, the physics is
approximately described as the SU(Nc)1 gauge theory with (Nc + Nf ) flavors, Q and F .
Since Λ1 ≫ Λ′, the point in Eq. (33) is approximately, for Nf < Nc − 1,
uNc−Nf ≃ Λ
Nc−Nf
1 , ui ≃ 0 (i 6= Nc −Nf ), (47)
i.e.,
(φ1, φ2, · · · , φNc) ≃ (0, 0, · · · , 0︸ ︷︷ ︸
Nf
,Λ1 ω,Λ1 ω
2, · · · ,Λ1 ωNc−Nf )× eipi/(Nc−Nf ), (48)
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SU(Nc)1 U(1)
(1)
2 U(1)
(2)
2 · · · U(1)(Nc−1)2 SU(Nf ) U(1)B U(1)B′
e0 1 1 1 · · · 1 1 0 −1
e1 1 −1 0 · · · 0 1 0 −1
e2 1 0 −1 · · · 0 1 0 −1
...
...
...
...
. . .
...
...
...
...
eNc−1 1 0 0 · · · −1 1 0 −1
F Nc 0 0 · · · 0 Nf 1 0
Table 4: Effective degrees of freedom below Λ2 for Λ2 ≫ Λ1.
where ω = exp (2pii/(Nc −Nf )). Similarly, for Nf = Nc − 1,
uˆ1 ≃ Λ1, uˆi ≃ 0 (i 6= 1). (49)
i.e.,
(φˆ1, φˆ2, · · · , φˆNc) ≃ (0, 0, · · · , 0︸ ︷︷ ︸
Nf
,−Λ1). (50)
These points are the baryonic root where a non-abelian magnetic gauge group, SU(Nf )1 ×
U(1)
Nc−Nf
1 , appears [45, 46, 47]. The effective degrees of freedom below Λ1 is shown in
Table 5. The SU(Nf )1 factor is IR free. The low energy theory is again SU(Nc)2 theory with
Nf flavors, q
′, but now the flavor group is replaced by the magnetic gauge group SU(Nf )1.
The effective dynamical scale Λ′2 for the SU(Nc)2 factor is obtained by the equation:
0 =
1
g22(Λ0)
+
b2
8pi2
log
Λ1
Λ0
+
b′2
8pi2
log
Λ′2
Λ1
=
b2
8pi2
log
Λ1
Λ2
+
b′2
8pi2
log
Λ′2
Λ1
, (51)
where b2 = Nc and b
′
2 = 2Nc −Nf . From this we obtain
Λ′2 = (Λ
Nc−Nf
1 Λ
Nc
2 )
1/(2Nc−Nf ) = Λ′, (52)
as suggested by the curve.
Since Λ′ ≫ Λ2, the point in Eq. (33) or (34) is approximately,
u′i ≃ ciΛ′i (53)
that is again where (Nc − 1) massless monopoles appear. The effective degrees of freedom
below Λ′ is listed in Table 6. Here, the U(1)1 factors are rearranged (and renamed U(1)1˜) so
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SU(Nf)1 U(1)
(1)
1 U(1)
(2)
1 · · · U(1)(Nc−Nf )1 SU(Nc)2 SU(Nf) U(1)B U(1)B′
q Nf 1/Nf 1/Nf · · · 1/Nf 1 Nf 0 −1
q′ Nf 1/Nf 1/Nf · · · 1/Nf N¯c 1 −1 0
e1 1 −1 0 · · · 0 1 1 0 −1
e2 1 0 −1 · · · 0 1 1 0 −1
...
...
...
...
. . .
...
...
...
...
...
eNc−Nf 1 0 0 · · · −1 1 1 0 −1
Table 5: Effective degrees of freedom below Λ1 for Λ1 ≫ Λ2.
SU(Nf)1 U(1)
(1)
1˜
· · · U(1)(Nc−Nf)
1˜
U(1)
(1)
2 · · · U(1)(Nc−1)2 SU(Nf ) U(1)B U(1)B′
q Nf 1/Nf · · · 1/Nf 0 · · · 0 Nf 0 −1
e1 1 −1 · · · 0 0 · · · 0 1 0 −1
...
...
...
. . .
...
...
. . .
...
...
...
...
eNc−Nf 1 0 · · · −1 0 · · · 0 1 0 −1
e′1 1 0 · · · 0 1 · · · 0 1 0 0
...
...
...
. . .
...
...
. . .
...
...
...
...
e′Nc−1 1 0 · · · 0 0 · · · 1 1 0 0
Table 6: Effective degrees of freedom below Λ′ for Λ′ ≫ Λ2.
that the charges are diagonalized. In general U(1)1˜’s are linear combinations of U(1)1’s and
U(1)2’s. We have also rearranged U(1)B as the one which remains unbroken at the vacuum.
Below Λ′, the SU(Nf )1 factor gets UV free again. The effective dynamical scale is Λ
′′ =
(Λ′NcΛ
Nf−Nc
1 )
1/Nf ≪ Λ′. Turning on the linear term (1) in the region Λ′′ ≪ µ ≪ Λ′, the q
and e fields condense through the F -term conditions:
e′1e¯
′
1 = e
′
2e¯
′
2 = · · · = e′Nc−1e¯′Nc−1 = 0,
−Tr(qq¯)−
∑
i
eie¯i = µ
2, qT aq¯ = 0,
1
2
Tr(qq¯)−
∑
i
eie¯i = 0, (54)
where T a is the generator of the SU(Nf )1 group. Together with the D-term conditions, the
VEVs are fixed as
q = q¯ =
µ√
N c
· 1Nf , ei = e¯i =
µ√
N c
, e′j = e¯
′
j = 0 (for
∀i, j), (55)
up to gauge transformations. The gauge group SU(Nf )1 × U(1)Nc−Nf1˜ × U(1)B′ is broken,
and q and e are both eaten by the gauge fields. The remaining gauge group and massless
degrees of freedom is the same as the ones in Table 3 as they should be.
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The Higgsing in Eq. (55) provides a weakly coupled description of the magnetic color-
flavor locking as well as the monopole condensation. The unbroken SU(Nf ) in Table 3 is
the diagonal subgroup of the magnetic gauge group SU(Nf )1 and SU(Nf ) in Table 6. In
this parameter region, the massive magnetic gauge bosons of SU(Nf )1 × U(1)Nc−Nf1˜ have
masses of O(µ), which is much lighter than the rest of hadrons whose masses are around the
dynamical scale Λ′. Therefore, the quiver theory provides a continuous deformation of N = 2
supersymmetric QCD, that can bring down the sector of flavored vector mesons as a weakly
coupled magnetic gauge theory.
Note that the Higgsing in Eq. (55) leaves unbroken SU(Nf ) as well as the baryon number
symmetry U(1)B . Therefore, there is a good chance that the vacuum is smoothly connected
to non-supersymmetric QCD where the spontaneous breaking of vector-like symmetries are
forbidden.
4 Deformation to N = 1 SUSY
In the previous section, we have studied the vacuum which survives upon adding a super-
potential term in Eq. (23) to reduce to N = 1 theory. We have seen that for Λ1 ≫ Λ2
and Λ′ > µ, the effective degrees of freedom below the scale Λ′ is described by the fields in
Table 6.
We here comment on the case with Λ1 ≫ Λ2 and Λ′ ≫ m ≫ µ2/Λ′. Since the mass
term in Eq. (23) is much smaller than the dynamical scale Λ′, the analysis in the previous
section remains valid. The effective theory below the scale Λ′ has (nearly) massless degrees
of freedom as listed in Table 6. As one turns on the mass term in Eq. (23), we expect that
superpotential terms are generated in the effective theory:
W ∋ eiΦD1˜ie¯i − e′iΦD2ie¯′i +mΛ1x1˜iΦD1˜i +mΛ′x2iΦD2i, (56)
at the leading order in m [43]. The chiral superfields ΦD1˜i and ΦD2i are the ones in the gauge
multiplets of U(1)
(i)
1˜
and U(1)
(i)
2 , respectively. The dimensionless coefficients x1˜i and x2i are
expected to be of O(1). This superpotential forces ei and e
′
i to condense, and breaks the gauge
symmetries, SU(Nf )1 × U(1)Nc−Nf1˜ × U(1)
Nc−1
2 × U(1)B′ , down to SU(Nf )1 × U(1)X . The
superfields ei and e
′
i are all eaten by the gauge fields associated with the broken generators.
The low energy effective theory below the scale
√
mΛ′ is therefore an SU(Nf )1×U(1)X gauge
theory with q. Quantum numbers are listed in Table 7. Here we normalized the U(1)X charge
as X =
∑
iQ
(i)
1˜
−B′, where Q(i)
1˜
is the charge under U(1)
(i)
1˜
.
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SU(Nf)1 U(1)X SU(Nf ) U(1)B
q Nf Nc/Nf Nf 0
Table 7: Effective degrees of freedom below the scale
√
mΛ′.
It is important to note that the U(1)X factor is dynamical, i.e., the gauge coupling
constant is finite. By the condensation of e’s, U(1)
Nc−Nf
1˜
× U(1)B′ is broken down to a
subgroup U(1)X , and the gauge coupling constant for the U(1)X gauge boson is
1
g2X
=
∑
i
1
g
(i)2
1˜
+
1
g2B′
. (57)
The limit gB′ →∞ provides finite gX .
In the effective theory, there are the following terms in the superpotential:
W ∋ −Nc
Nf
Tr(qΦX q¯) + µ
2ΦX , (58)
where the latter term is reduced from Eq. (1). The vacuum is, therefore, at
q = q¯ =
µ√
N c
· 1, (59)
and there the magnetic gauge group, SU(Nf )1, is locked to the SU(Nf ) flavor symmetry
while U(1)X is spontaneously broken. This symmetry breaking exhibits a string as a finite
energy configuration. The string, however, should not be completely stable since the original
theory, the SU(Nc)1×SU(Nc)2 gauge theory, does not support a topologically stable string.
There is a U(1)B′ factor which can support a string, but the configuration costs infinite
energy because the gauge boson is infinitely heavy. Therefore, the string we find in the
effective theory should be broken by a pair creation of quarks which source the magnetic
flux of U(1)X . The string corresponds to the non-abelian vortex with non-abelian moduli
originated from the color-flavor locked symmetry SU(Nf ). From the matching argument of
the vortex and the monopoles attached to the endpoints [27, 30], the magnetic sources in our
case should transform non-trivially under the flavor symmetry SU(Nf ). From this viewpoint,
the endpoints of our string can be identified as original quarks, F (or the composites of F
and Q). In other words, the quarks, F , are confined by this string.
The lightest hadron in this regime is the massive gauge multiplets of SU(Nf )1 × U(1)X .
Due to the color-flavor locking, the massive gauge fields have flavor quantum numbers, adjoint
and singlet, under the SU(Nf ) flavor symmetry. They correspond to the vector mesons, ρ
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and ω, in QCD. It is interesting that the Higgs mechanism for the vector mesons is the dual
picture of the quark confinement.
The quiver model we considered serves as an example of the confinement through the
magnetic color-flavor locking. Since the vacuum we studied preserves vectorial symmetries,
SU(Nf ) × U(1)B , one may be able to smoothly connect to the non-supersymmetric QCD.
As one sends the mass parameter m to infinity, the model reduces to an N = 1 model which
has an enhanced chiral symmetry, SU(Nf )L×SU(Nf )R. The condensations in Eq. (59) then
describes the spontaneous breaking of the chiral symmetry, SU(Nf )L×SU(Nf )R → SU(Nf ),
which provides the massless pions. This would be a unification of the chiral symmetry
breaking and the confinement if the qualitative picture remains the same as the case with
small m. In order to connect to real QCD, we need to add masses to superparticles and
also take large µ to reduces the original gauge group SU(Nc) × SU(Nc) to single SU(Nc).
Again, although one cannot take this limit while preserving the weak coupling of the magnetic
picture, qualitative picture may remain the same.
Indeed, it has been known that the picture of ρ and ω meson as the gauge bosons, and the
pions as the uneaten Nambu-Goldstone bosons in the Higgs mechanism for ρ and ω mesons
(known as the Hidden Local Symmetry [32]) is phenomenologically quite successful. The
model studied above provides a possible theoretical reason why it is successful; the hidden
gauge symmetry is actually identified as the magnetic gauge symmetry at least in a parameter
region of a quiver and supersymmetric deformation of QCD. As an experiment, it has been
constructed a linear sigma model to describe the Higgs mechanism for the ρ and ω mesons in
Ref. [35]. The string configuration is constructed as a solution of the classical field equations.
The string tension and the Coulomb force between monopoles are estimated by using masses
and coupling constants of hadrons as input parameters, and they are found to be consistent
with those of the QCD string.
5 Discussion
The quark confinement is one of the mysterious phenomena in four dimensional gauge the-
ories. In the real world, the confining string can actually be seen as the linear potential
between quarks which can be inferred, for example, from the spectra of quarkonium masses.
(See, e.g., [48] for a review.) Therefore, it sounds promising that the QCD has a magnetic
picture whose Higgs mechanism supports a string as a (meta-)stable configuration.
If there is such a picture for the confining string, there should be a massive magnetic
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gauge boson in the spectrum. Here, an interesting possibility emerges; the Higgsing of the
magnetic gauge group actually be of the color-flavor locking type so that the lightest vector
mesons, ρ(770) and ω(782), are identified as the magnetic gauge bosons. In this picture, the
vortex configuration of the ρ and ω mesons is the confining string, i.e., the flux tube of the
gluon field.
We have studied the quiver model obtained from type IIA superstring theory, that can
possibly connect to the real QCD smoothly. We have indeed observed the color-flavor locking
in the magnetic picture in some parameter regions. If the qualitative picture remains in the
limit where non-supersymmetric QCD is realized, the Hidden Local Symmetry is understood
as the magnetic picture of QCD and simultaneously describes the confinement.
The model we studied can be thought of as the low energy theory of a five-dimensional
QCD a` la dimensional deconstruction. For µ ≫ Λ1 and µ ≫ Λ2, the Higgsing SU(Nc)1 ×
SU(Nc)2 → SU(Nc)1+2 happens in the weakly coupled regime, corresponding to the picture
of a large extra dimension where the massive gauge boson corresponds to the Kaluza-Klein
mode. As the size of the extra dimension gets smaller, the non-perturbative effects become
important, and for µ≪ Λ1 and µ≪ Λ2 we have seen a smooth transition to a picture of the
color-flavor locking in the magnetic picture. The extra-dimensional gauge theory provides a
natural deformation of the four-dimensional theory with the size of the extra-dimension as the
parameter to smoothly connect the weakly and strongly coupled physics. Such a deformation
is natural in the sense of the theory of M5 brane as the fundamental theory [49, 50].
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